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Abstract. We show that the subgroup of the knot concordance group gen- 
erated by links of isolated complex singularities intersects the subgroup of 
algebraically slice knots in an infinite rank subgroup. 



1. Introduction 

A long standing question [35] asks whether the set of algebraic knots, those that 
are links of isolated singularities of complex curves, is linearly independent in the 
knot concordance group. Following Rudolph's initial work [35J, Litherland [21] used 
signature functions to prove that the subset consisting of positive torus knots is in- 
dependent. However, it was then shown in [26j by means of an example that invari- 
ants of the algebraic concordance group, such as the signature functions, are insuf- 
ficient to prove the independence of algebraic knots. Somewhat later, Miyazaki |32j 
showed that the particular example in [53] was not ribbon, and Rudolph [JD] then 
used this result to conclude that ribbon knots do not behave well with respect to a 
certain operation called plumbing. Here we develop tools based on Casson-Gordon 
theory [1] to prove the independence of a large family of algebraic knots, a family 
which includes the particular example first found in [26] , 

To be more specific, let C denote the group of (topologically locally flat) con- 
cordance classes of knots in S* 3 , and let Q denote the algebraic concordance group. 
In [21j . Levine constructed a surjection C — > Q whose counterpart in higher dimen- 
sions is an isomorphism. The main result of this article is the following. 

Theorem 1. Let A denote the subgroup of the knot concordance group C generated 
by algebraic knots: connected links of isolated singularities in C 2 . Then the inter- 
section of A with the kernel of C — > Q contains an infinitely generated free abelian 
subgroup. 

We use the following notation: given a knot K and a pair of relatively prime 
integers p and q, K p ^ q denotes the oriented (p, q)-csh\e of K . Thus K Piq represents 
p times the generator of the first homology of the tubular neighborhood of K . In 
the special case that K is the unknot U, so that K p>q is a torus knot, we use 
the standard notation of T Pi9 rather than U p , q . The notation can be iterated; for 
instance, K M -^ S denotes the (r, s)-cable of the (p, g)-cable of K. 

An algebraic knot is, by definition, the connected link of an isolated singularity 
of a polynomial map /: C 2 — » C. A knot is isotopic to an algebraic knot if and 
only if it is an iterated torus knot T Plj qi -... ;p „,g n with indices satisfying Pi,qi > 
and q i+ i > piqiPi+i (see, for instance, [3]). 
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Our results concern (2, A:)-cables of knots. In particular, we resolve an old ques- 
tion of whether a particular linear combination of (2, fc)-cables is slice; this combi- 
nation is the simplest algebraically slice knot in the span of the algebraic knots, [21)] : 

Theorem 2. The linear combination of algebraic knots 

?2,3;2,13 #^2,15 # — T2,3;2,15 # — ^2,13 

is algebraically slice but has infinite order in C. 

Theorems 1 and 2 are consequences of the following result, which establishes the 
linear independence of an infinite collection of algebraic knots. 

Theorem 3. For appropriately chosen integers qi, the set of algebraic knots 

{T2, qil T 2 ^2, qi }i^l 

form a basis of a free abelian subgroup of the concordance group C. This subgroup 
intersects the kernel of C — > Q in a free abelian subgroup, with basis given by the 
following set of algebraically slice knots 

{T2,3;2,g n # ?2, gi # — ?2,3;2,gi # — ?2, 9b KJL2' 

Our arguments apply more generally, for example to cables of knots other than 
the trefoil T2.3. We refer the reader to the body of the paper for details. 

The methods we use are those introduced by Casson-Gordon in [T]. A novel 
feature of our approach is the essential interplay between signature and discrimi- 
nant invariants on the Witt group of Hermitian forms over C(t). Casson-Gordon 
signature invariants, which are Z-valued and hence more effective in identifying el- 
ements of infinite order, are often intractable to compute. Discriminant invariants 
are computable algorithmically [TH] , but because they take values in a group that is 
Z/2Z-torsion, they are less effective in determining linear independence. By com- 
bining the two types of invariants we are able to apply the power of signatures while 
bypassing the need to explicitly compute their values; we can also avoid most of the 
typically messy work of analyzing metabolizers which plagues many discriminant 
arguments used to show that certain knots have infinite order in C. 

We finish this introduction by giving some background to place our results in 
context. 

Given an oriented knot K , let —K denote the mirror image of K with its ori- 
entation reversed. Two oriented knots, K\ and K 2l are called concordant if the 
connected sum K\ # —K 2 bounds a locally flat embedded disk in S 3 . The set of 
concordance classes of knots forms an abelian group C with operation induced by 
connected sum. Knots which represent the zero element in C are called slice. 

From this point forward we do not distinguish in our notation between a knot 
and its concordance class. In particular, we write K\ — K 2 for the connected sum 
K\ # — K 2 . We will also write —K Ptq for — (K P:q ), both of which equal (— K) p - q . 

Fox and Milnor observed [5] that if two knots are concordant, then the product of 
their Alexander polynomials is a norm in Zfi^]: that is, (t)Ax 2 (t) = /(i)/^ -1 ) 
for some polynomial f(t) S Z^*]. (Recall that the Alexander polynomial is defined 
up to multiplication by ±t k .) 

An early result of Seifert [41] (see [22l Theorem 6.15] for a recent reference) states 
that the Alexander polynomial of a satellite knot is determined by the Alexander 
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polynomials of the knots involved in the construction, together with an integer 
called the winding number. In the case of cables, the formula is given by 

(fPQ — 1 \(t — 11 

A Kp Jt) = A Tp Jt)A K (n where A T „.(t) = ^ _ ^ _ ^ 

For a connected sum, the Alexander polynomial is simply the product of the Alexan- 
der polynomials of the constituent knots. A bit of calculation using these facts shows 
that distinct algebraic knots are not concordant. The Levine-Tristram signatures 
of a knot [21], [22, 30, 42J, which define integer- valued homomorphisms on C, can be 
used to further show that algebraic knots have infinite order in C. 

These observations might lead one to conjecture that the set of algebraic knots 
forms a basis for an infinitely generated free abelian subgroup A C C. A first line 
of attack to this question, as taken in [25] and [26] . is to consider the algebraic 
concordance group Q and to determine the image of the composite A C C — > Q. 
For the purposes of this article the precise definition of Q is not needed and it will 
suffice to say that Q is the group generated by Seifert forms of knots, modulo Seifert 
forms of slice knots. The relevant facts surrounding Q are: 

(1) There is a surjection C — ► Q [2"T] . 

(2) The algebraic concordance class of a knot K is determined by its Blanchfield 
(torsion) form [43 : 

Bl K : ff 1 (5 3 -X;Z[t ± ])xff 1 (5 3 - J ftT;Z[i ± ])^^. 

With respect to the interplay of cabling and algebraic concordance, the for- 
mula QH [27] 

Bl Kpq (t) = Bl K (tP)®Bl Tp Jt), 

based on a Mayer- Vietoris argument, gives a quick method to determine if certain 
linear combinations of cable knots are algebraically slice, that is lie in the kernel of 

As observed in [26] (see Lemma [2.11 below) . this formula implies that the knot 
in Theorem 2, T2 i 3 ; 2,i3 + 12,15 — ?2,3;2,i5 — 72,13, is algebraically slice. It represents 
the simplest example of a knot in the kernel of the composite A C C — > Q. Showing 
this knot is not slice has remained open until now, although Miyazaki proved it is 
not ribbon [32] . 

The reader will have noticed that the term "algebraic" has two different meanings 
in this paper; on the one hand it describes a class of knots defined as links of isolated 
singularities, and on the other it describes a certain quotient of the knot concordance 
group. Algebraic knots are iterated cables, and we will typically work with general 
cables, so this should cause no confusion. 

1.1. Comparison with smooth techniques. Progress in identifying the struc- 
ture of algebraic knots in the setting of smooth concordance has been achieved 
largely through analytic means or the deep combinatorial approach stemming from 
Khovanov homology theory. This is most notable in the solutions to the Milnor 
conjecture and the proof that the smooth 4-ball genus of a torus knot is realized 
by an algebraic curve [20l [33l [37] . Highlighting the necessity of smooth techniques 
in studying algebraic knots, Rudolph [39] observed that the Milnor conjecture is 
false in the topological locally flat category. 
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Thus, it comes as a surprise that Casson-Gordon methods apply so effectively in 
the present setting, having the further advantage that we can establish the indepen- 
dence of these knots in the topological concordance group. Nonetheless, it would be 
interesting to know the extent to which the array of existing smooth concordance 
invariants can be used to address the question of independence of algebraic knots. 
We should point out, however, that the Ozsvath-Szabo [33] and Rasmussen [37] 
concordance invariants, r and s, coming from knot Floer homology and Khovanov 
homology, respectively, contain no information for the knots at hand. We make this 
precise in Proposition 18.21 which shows that both invariants vanish for the family 
above and its obvious generalization to positively iterated torus knots. 

Despite the failure of s and r, it seems likely that grading information from 
the Floer homology of branched covers (in the form of the Fr0yshov invariant [6] , 
Ozsvath-Szabo correction terms [34], or Chcrn-Simons invariant of SU(2) repre- 
sentations [H[7]) could be useful in our pursuit. However, extensive computations 
of such invariants in the first two cases is difficult, and computing Chern-Simons 
invariants of covers in the spirit of Fintushel-Stern 4, Theorem 5.1] and Furuta 
Theorem 2.1] have failed to determine if any member of the family of knots in the 
present article are slice. 

Acknowledgment: Conversations with Tom Mrowka about the ribbon-slice con- 
jecture led naturally to the investigations of this paper. The relationship between 
this ribbon-slice problem and the concordance independence of algebraic knots is 
discussed in the second appendix. 

2. Two-fold branched covers and characters 

As mentioned in the introduction, we write K p q for the (p, g)-cable of K and 
—K Viq for — (ifp.q), which, by a simple orientation argument, equals (— K) Pi — q . 
Cabling the concordance shows that the concordance class of K Pt<] depends only 
on the concordance class of K, in the sense that if K and K' are concordant, 
then Kp^ q and K' p are concordant. These observations, along with our earlier 
description of the Blanchficld pairing of a cable knot, yields the following general 
statement, implicit in [26j . 

Lemma 2.1. For any knot K, 

K 4-T — K —T 
lv P,qi ' ± p,qi zy p,<l2 ± p,qi 

is an algebraically slice knot and is a slice knot when K is slice. □ 

We now turn our focus to 2-stranded cables; knots of the form i^2,g- A useful 
depiction of Ki^ q is the following. Figure [1] shows a 2-component link L q with one 
component a (2, g)-torus knot and the other component an unknot labeled U . If 
if is a knot in S 3 and q is an odd integer, then Ki q is obtained by removing a 
neighborhood of U and replacing it by the complement of a tubular neighborhood 
of K in such a way that the meridian-longitude pairs of U and K are interchanged. 

For a knot K, denote by M 3 (K ) the 2-fold branched cover of S 3 branched over 
K. Let K denote the lift of K to M 3 (K) and let M${K) denote the result of 
0-surgery on M 3 (K) along K; that is, the surgery whose framing comes from a lift 
of the longitude of K. Note that M$(K) is the 2-fold cyclic cover of 0-surgery on 
K in S 3 . 
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Figure 1. L q 




Figure 2. Af 3 (T 2 , 9 ). The branched double cover of the (2, q)— 
torus knot is the lens space L 3 (q, 1), obtained by performing q- 
surgery on an unknot. The unknotted component of L q lifts to 
Ui Uf7 2 . 

The 2-fold branched cover M 3 (T2 i(? ) is the lens space L 3 (q, 1). Since U links 
the (2, g)-torus knot twice in L q , the preimage of U in this 2-fold branched cover 
consists of two curves, U\ and Ui. One way to understand this is to take a 3-ball 
in S 3 which meets the (2, g)-torus knot in two unknotted arcs and contains U in 
its interior. Then the preimage of this 3-ball in M 3 (T2 :q ) is a solid torus, as is the 
preimage of its complement in S 3 . The curves Ui and are each circles parallel 
to the core of this solid torus but oppositely oriented. In particular, Ui and U2 are 
isotopic as unoriented curves in M 3 (T2 i<? ). Figure [2] depicts the situation. 

To obtain M 3 (K2, q ), we replace the solid torus neighborhood of U\ and U2 with 
copies of the complement of K in S 3 , interchanging the meridian- longitude pairs. 
The preimage K C A/ 3 (T 2 , 9 ) is not drawn in Figure [2] 

We will need notation for certain curves in M 3 (K2, q ). Denote by nu and Xjj the 
meridian and longitude of the unknotted component U C L qi with its orientation 
as in Figure [TJ From the perspective of K2, q as a satellite knot, these are the 
longitude and meridian, respectively, for the companion, K. Denote by /2j and 
Xi the meridian and longitude in the boundary of the tubular neighborhood of 
Ui C M 3 (T2. q ), i = 1,2 in the surgery diagram given in Figure [2l 

The notation is somewhat ambiguous since there is no preferred choice of lift of 
U, but in any case we will choose the same ordering when comparing M 3 (K2, q ) 
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and M 3 (T 2y(j ). Note that /ti and jl 2 vanish in Hi(M 3 (K 2yq j) = Z/gZ, Ai generates 
tfi(M 3 (^ 2 ,,)), and A 2 = -Ai in Hi(M 3 (K 2 . q )). 

Denote by fi the preimage of the meridian to K 2q and by A a component of 
the preimage of the longitude of K 2yQ in M 3 (K 2 , q ). In particular, fi and A arc 
nullhomologous in M 3 (K 2:q ), since a Seifert surface for K 2 . q C S 3 lifts to M 3 {K 2tq ). 

The linking form of M 3 (K 2 ,q) is given by the lxl matrix (i); in fact 

ifc(Ai,Ai) = l/q = lk{\ 2 ,\ 2 )- 

Let p be an odd prime and let C p denote the cyclic group of order p. This group 
can be identified with the group of p roots of unity: C p — {Cp } C C, where Cp — 
e 27ri / p . If p and q are relatively prime then every character \: H\(M 3 (K 2ya )) — > 
C p is trivial. On the other hand, if p divides q, then the set of all characters 
X- H 1 (M 3 (K 2q )) — ► C p form a cyclic group isomorphic to C p . We can fix an 
isomorphism Honi(.ff L (M 3 (.K 2i9 )), C p ) = C p as follows: let 

Xl : Hi(M 3 (K 2t g)) — ► C p 

denote the character which takes Ai to Cp- Then any other character is obtained 
by post-composing xi with the homomorphism C p — > C p of the form Cp i— ► Cp° for 
some integer a. We denote this composite as Xa '■ H\(M 3 (K 2tq )) — ► C p . Notice that 
a is well defined modulo p, and, although the definition of a depends on a choice of 
ordering of the two lifts Ui,U 2 , the unordered pair {a, —a} is independent of this 
choice. 
Then 

Xa(Al) = Cp, Xa(A 2 ) = Cp °, Xa{fa) = 1, Xa(fa) = 1, Xa(A) = 1, and Xa(A) = 1. 

The unbranched 2-fold cover M 3 (K 2 >q ) — K 2 q — > S 3 — K 2 q induces a homomor- 
phism H 1 (M 3 (K 2 ^ q ) - K 2 , q ) -> H^S 3 - K 2 , q ) = Z with image 2Z. Dividing by two 
defines a surjection e: Hi(M 3 (K 2 _ q ) — K 2 ,q) —* Z. Writing Z = (t) multiplicatively, 
we have 

e(fii) = 1, e(Aj) = i, e(/2) = i, and e(A) = 1. 

To see that e(Ai) = t = e(A 2 ), notice that A, is sent to \{j in S 3 — K 2yQ , which links 
K 2yq twice; dividing by two yields one. 

Recall that Mq(K 2ii ) denotes the closed 3-manifold obtained by performing 0- 
surgery on K 2yQ C M 3 (K 2yQ ); that is, the surgery corresponding to the framing 
induced by a lift of a longitude of K 2iq to M 3 (K 2 ^ q ). Since Xa(A) = Cp = 1 an d 
e(A) = t° = 1, both Xa and e uniquely extend to homomorphisms on Hi(MQ(K 2 _ q )). 
We can view their product as a homomorphism to the multiplicative group of non- 
zero elements of the field of rational functions, C(t): 

Xaxe: H^M 3 ^)) ^C(t) x . 

Each homology class is sent to an element of the form (pt c . 
We summarize these facts in the following lemma. 

Lemma 2.2. Let K be a knot in S 3 , K 2yQ its (2,q)-cable, andT 2yq the (2, q) -torus 
knot. Let M 3 (K 2jq ) denote the 2-fold branched cover of S 3 branched over K 2iQ , 
and let M^{K 2yq ) denote the manifold obtained from 0-surgery on M 3 (K 2yq ) along 
the preimage of the branch set. Choose an odd prime p and let ( p — e 27Tl ^ p . Then 
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(1) M 3 (K2. q ) is obtained from M 3 (T2, q ) = L 3 (q, 1) by removing neighborhoods 
of the two preimages U\, U2 ofU and gluing in two copies of S 3 — nbhd(K) , 
so that the meridian-longitude pairs of Ui and K are interchanged. 

(2) H 1 (M 3 (K 2:q )) = Z/qZ, generated by A X) and lk(\i,\i) = l/q. 

(3) To any character x- Hi(M 3 (K2, q )) — > C p one can associate the integer a 
modulo p by the condition %(Ai) = Cp- This character is denoted \ a - In 
particular, this sets up a 1-1 correspondence between C p -valued characters 
on Hi(M 3 (K 2 , q )) and on Hi(M 3 (T 2 , q )). 

(4) The character \ a uniquely determines a character (also denoted Xa) on 
H x {M 3 {K 2 , q )). 

(5) There is a surjection e: Hx(M 3 {K2,q)) — * Z = (t) satisfying e(pi) — 
1, e(Aj) = t, e(p.) — t, and e(A) = 1. 

□ 

3. Casson-Gordon invariants 
Let J: C(t) -> C(t) denote the involution J{f{t)) = fi^ 1 ); specifically, 

where a, denotes complex conjugation. We let W(C(t), J) denote the correspond- 
ing Witt group of non-singular J7-Hermitian forms. This Witt group is discussed 
in more detail in Appendix [A] In brief, two forms I\ and I2 are equivalent if the 
sum I\ © —I2 is metabolic; that is, if it contains a half-dimensional subspace on 
which the form vanishes. The set of equivalence classes of forms constitute the Witt 
group, with operation induced by direct sums. 

For each choice of K and x : Hi(M 3 (K2, q )) — > C p with p an odd prime, the 
Casson-Gordon invariant of (K 2} g, x), 

T(K 2 , q , X ) eW(C(t),j)®Z (2) , 

is defined as follows pQ. (Here Z( 2 ) is Z localized at 2: the set of rational numbers 
with odd denominator.) Elementary bordism theory shows that p- [M 3 (K2, q ), x xe ) 
bounds: say p ■ (M 3 (K 2 , q ),X x e) = d(Y 4 ,p). Then F 4 has a non-singular C(t)- 
valued intersection form J(y 4 ,p) s W(C(t), J) defined using the cup product on 
middle degree cohomology, with local coefficients determined by the homomorphism 
p: 7Ti(y 4 ) — > C(t) x . On the other hand, Y A also has its ordinary intersection form 
I(Y A ) e Image {W(Q) -> W(C(t), J")}. The Casson-Gordon invariant is defined 
to be 

r(K2, q ,x)^ 1 p (I(Y\p)-I(Y A )). 

Since p is odd, i S Z( 2 ). 

The correspondence between characters on M 3 (T 2 ,q) and M 3 (K 2tq ) described in 
the previous section permits us to unambiguously define the difference r{K2 t q, x) ~ 
T {T2.q, x)- ^ formula for this difference was established (in much greater generality) 
by Litherland in his influential article [24]. (See also Gilmer [8] for related work and 
applications of this approach.) Using this result, one can compute the difference of 
Casson-Gordon invariants for different choices of K. The answer is given in terms 
of an abelian invariant, ax, which we define next. 
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Let Sq(K) denote the 3-manifold obtained by 0-surgery on the knot K C 
S 3 . The orientation of S 3 and K determine an isomorphism S: Hi(Sq(K)) — > 
Z = (x). There is a 4-manifold X 4 and 5: ni{X 4 ) -> (a;) so that d{X 4 ,~5) = 
(Sq(K),S). Then X 4 has a Q [a; ]-equi variant intersection form I(X 4 ,S) and an 
ordinary integer-valued intersection form I(X). The concordance invariant, cxk , is 
defined to be the difference of these forms in the Witt group of Q(x): 

a K = I{X 4 , 5) - I(X 4 ) e W(Q(x), J). 

The class € W(Q(x), J) is determined by the algebraic concordance class of 
K; that is, the image of K under the map C — ► Q. Given a unit complex number w, 
the Levine- Tristram u) -signature of K is defined to be the signature of the complex 
Hcrmitian matrix obtained by substituting x = uj into a matrix representative of 

Off. 

More generally, if ui is a unit complex number, the map x — > uit induces a map 
W(Q(x), J) — > W{C(t),J). We define a K {ut) to be the image of c*k under this 
map. 

Litherland's theorem [2H Corollary 2], proven by a delicate Mayer- Vietoris ar- 
gument, implies the following. 

Proposition 3.1. Given K, q,x> and p as above, then 

r(K 2 , q , X a) ~ r(T 2 , q , Xa ) = a K {Q) + a K (^ a t) 

inW(C(i))®Z (2 ). □ 

Notice that aK{C,pt) + a_R-(C~ a i) is unchanged by replacing a by —a. Moreover, 
for any knot K and character x, (writing x additively in this formula for simplicity) 

(3.1) t(K,x)=t(K,- X ). 

This is because the 2-fold covering transformation is an orientation-preserving dif- 
feomorphism which preserves the orientation of the branch set but induces — 1 on 
the first homology of the branched cover. Precomposing x with this diffeomorphism 
yields Hence T{K 2 . q ,Xa) = T(K 2 . q ,X-a)- 

In particular, to a character x'- Hi(M 3 (K 2 ^ q )) —> C p we can unambiguously 
assign a 6 {0, 1, 2, • • • , ^-} by evaluating x on one of Ai or A 2 and replacing Q by 
Cp~ a = Cp" 1 if necessary. The number a determines x U P to sign, but it completely 
determines T(K 2 , q ,Xa) and axiCpt) + a K((p~ a t). This also resolves the ambiguity 
introduced earlier in choosing an order of the lifts of U, since if x(^i) — °j then 
x(A 2 ) = —a. Notice that x 1S trivial if and only if a — 0. 

We conclude this section with a lemma describing the role of orientation on the 
value of r and a. 

Lemma 3.2. aK = —o>^k and t(K,x) = — T (—K,x)- 

Proof. If we consider a representative of K to be an embedded S* 1 in S 3 , then 
— K is represented by the same S 1 in S 3 , but with the orientation of S* 3 (and of 
S 1 ) reversed. Hence, there is a natural orientation-reversing homeomorphism from 
M 3 (K) to M 3 (— K). This permits us to formally make sense of the statement 
of the lemma; characters on the covers of K and —K can be identified via this 
homeomorphism. 
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Given this, the only difference between the computation of the Witt class in- 
variants of K and —K are that the relevant 4-manifolds have their orientations 
reversed. This has the effect of changing the signs of the intersection forms. □ 

4. Linear combinations and slicing 

Casson-Gordon invariants are used to obstruct sliceness of knots. The main 
result of pQ implies that if a knot K is slice, then there exists a metabolizer 
V C Hi(M 3 (K)) for the linking form on M 3 (K) (as earlier, M 3 (K) denotes the 
2-fold branched cover of S* 3 over K), so that t(K, x) = for every character 
X- Hi(M 3 (K)) — > C x that factors through Z/pZ and vanishes on V. (Recall, a 
metabolizer is a subgroup V C H\(M 3 {K)) on which the linking form vanishes and 
for which the order of V is the square root of the order of Hi(M 3 (K)).) 

If p is a prime dividing the order of Hi(M 3 (K)), then given any metabolizer 
V, one can find a non-trivial C p -valued character which vanishes on V, since 
fli(M 3 (A))/F necessarily has non-trivial p-torsion. Therefore, given any knot K 
and a prime p dividing the order of Hi(M 3 (K)), if t(K,x) ^ for all non-trivial 
C p characters x> K is not slice. 

Suppose now that sequences K l of knots and qi of relatively prime odd integers, 
i = 1,2, are given. Although our techniques apply more generally, for our 
applications we can assume that the q 2 i-i are prime, so henceforth do. 

As explained above, the linear combination of cables 

(4-1) Ji = + T 2 . q2t - K\ m% - T 2 ^_ x 

is algebraically slice. 

Lemma 4.1. If 9 denotes the trivial character on M 3 (Ji), the 2-fold branched 
cover of S 3 branched over Ji, then r(Jj, 0) — 0. 

Proof. Let 8 denote the trivial character on the first homology of the 2-fold branched 
cover of any knot. Applying Proposition 13.11 and using the fact that the Casson- 
Gordon invariants are additive with respect to connected sums of knots (see, for 
instance, [531 Corollary 1] or [5]) one computes 

T(Ji,e) = r(T 2Mi _ 1 ,e) + T(T 2Mi ,e)+T(-T 2Mi ,e) + T(-T 2Mi _ 1 ,e) 

+2a Kl {t) + 2a_ Kl (t). 

But ajf.(t) = — a_ K i{t) and, since 9 is trivial, T(T 2 .k,d) = —T~(—T 2t k,Q). The 
lemma follows. □ 

Consider an algebraically slice linear combination 

N 

(4.2) J = Y,rkJi- 

i=l 

The 2-fold branched cover M 3 (J) of S 3 branched over J is the connected sum of 
the (oriented) branched covers of the constituent knots in J. Hence 

N 

M 3 (J) = # n l (Af 3 (^ i92i _ i )#M 3 (T 2 , 92 ,)#Af 3 (-A- i92i )#M 3 (-T 2 , g2i _ 1 )). 

i—l 

Assume that n x > 0. Let x- i?i(M 3 (J)) -> C qi be a character. Let ( qi = e 2ni/qi . 
The assumption that qi is relatively prime to q\ for i > 1 implies that \ van- 
ishes on each summand in the connected sum, except possibly for some of the 
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M 3 (K.2 qi ) and M 3 (— T 2 . qi ) summands. On these summands, x determines inte- 
gers oi, a 2 , ■ ■ ■ , a ni and 61, • ■ • , b ni in {0, 1, 2, • • • , gl ~ 1 } by restricting X to the 
M 3 {K 2m ) and M 3 (— T 2<qi ) summands, respectively, and evaluating on the cor- 
responding lifts Ai or A2 in each summand, as in the previous section. Using 
Lemma |4~TI one concludes 

(4.3) T(J,x)=m {r{-Kl m , 6) + r{T 2 , q2 , 6)) + £ (r(^ gi , Xai ) + r(-T 2)9l , Xbi )) 

i=l 

where Xa ; denotes the restriction of x to H\(M 3 (K 2 qi )) and denotes the re- 
striction of x to Hi(M 3 (-T 2 , qi )). 

Proposition [3j] gives the two equations: 

r(-Ki q2 , 6) + r(T 2 , q2 , 9) = 2a_ K , (t) 

r{Kl qi , Xai ) = T(T 2 . qi:X a z ) + a K i{Qt) + a K i(( qi a H). 
Substituting these equations in Equation (|4. 3|) shows that 

(4.4) 

r( J, x) = 2n ia _ K i (t) + ("if 1 (Qt) + W {Q ai t) + t{T 2M , Xat )- r(T 2>fcl , X6i )) • 
i=i 

Summarizing, we have: 

Proposition 4.2. Let and J be the knots described in Equations J^. 1\ ) and 
h4-*fy - Assume that n\ > and £/ia£ p is an odd prime not dividing qi for i > 1, 
and x : Hi(M 3 (J)) — > C' p a character, determining integers dj, bi € {0, 1, • • • , } 
as described above. Then 

t( J, x) = -2n iaK i (t) + J2 ("if 1 (Cpt) + + r(T 2 , qi , Xo< ) - r(T 2 , gi , Xbi )) . 

i=i 

□ 

As explained above, given any metabolizer, one can find a non-trivial character 
that vanishes on it. Therefore, taking p = qi in Proposition 14.21 and applying the 
main result of Casson and Gordon [T], one concludes the following. 

Corollary 4.3. If a knot J as above is slice and ni > 0, then for some set of 
elements Oj, bi S {0, 1, . . . , }, not all 0, the sum 

m 

-2n x a K i (t) + (a^ 1 (Qt) + a K i (( qi a >t) + T (T 2>qi , Xoi ) - T {T 2>qi , Xbi )) 

i=l 

represents G W(C(t)) <8> Z (2 ). 

To apply this as an obstruction to knots being slice, we must understand invari- 
ants of W(C(t)) (gi Z( 2 ) better. This is accomplished in the next section. 
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5. Signatures and discriminants 

There are two fundamental types of invariants that can detect the nontriviality 
of elements r 6 W(C(t), J) Cg> Z( 2 \: signatures and discriminants. Discriminants 
can be computed algorithmically (see [IH]), but they take values in a 2-torsion 
group, and thus their use in detecting elements of infinite order is quite tricky. Sig- 
natures take value in a torsion free group, Z( 2 ) , but are difficult to compute. We 
now describe a method which will allow us to bypass these difficulties by taking 
advantage of the interplay between signatures and discriminants. An added ad- 
vantage of this approach is that it helps us avoid the usually challenging problem 
of identifying and analyzing all possible metabolizers for the linking forms of the 
relevant 3-manifolds. Useful references for Casson-Gordon discriminant invariants 
include [9] and [19] . 

5.1. Basic facts about W(C(t), J) eg) Z( 2 ). In Appendix |A1 we present some of 
the details concerning the Witt group W(C(t), J) eg) Z( 2 ). Here are the key points 
that we need. 

• If I G W(C(t), is represented by a Hermitian matrix A with polynomial 
entries, the jump function 

j(I){uj): S l ^Z 

represents half the jump in the signature function sign(yl(a;)) defined for 
w e 5 1 . The function j(J) has finite support. It extends to a well-defined 
Z( 2 )-valued function on W(C(t), J) ® Z( 2 j. 

• The discriminant of a class I = [A] £ W(C(t), J7), where the matrix A is 
of rank n, is given by 

disc(J) = (-l) n ( n - 1 )/ a det(A). 

This defines a function (but not a homomorphism) , 

disc: W(C(t),J) -» (C(t) J ) x /N, 

where (C(t) J ) x denotes the non-zero symmetric (/ = J{f )) rational func- 
tions and N denotes the norms; that is, the multiplicative subgroup of 
C(i) x defined as 

N = {fj(f) | / e c(t),f ^ o}. 

• By taking the further quotient by the subgroup ±1 there is a well-defined 
homomorphism 

disc ± : W(C(t),J) -> (C(t) J ) x /±N. 

• A class d G (C(t) J ) y /N has a canonical representative in (C(t) J ) x of the 
form 

d = at- n Y[(t-uj t ), 

i=l 

where the cui are distinct unit complex numbers and a 2 = l/Yl^i- If 
d = disc(I), then the set of numbers {u>i} are called the roots of disc(I). 

• There is a natural extension of disc± to W(C(t), J) ® Z( 2 ), defined by 
disc±(J Cg) £) = (disc± I) p . This is again a homomorphism. 
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• A class £ / G W(C(t), J) ® Z( 2 ) has j(I)(uj) odd if and only if a; is a root 
of disc±(^I). (An element in Z( 2 ) is called odd if it is not in 2Z( 2 ) and is 
called even otherwise.) 

5.2. Twisted polynomials and the discriminant. Let x : ni{M 3 (K)) — > Cp- 
Then, as described in |19j . we may associate to K and % a twisted Alexander 
polynomial Ajc. x (i) G Cft*]. Theorem 6.5 of [19] states: 

Theorem 5.1. disc± {t(K, x)) = (1 — t) e Ax. x (t), where e = if x is trivial and 
e = 1 if x is non-trivial. □ 

Note that in this theorem the twisted polynomial is well-defined up to multiplication 
by at k for k G Z and a G C x , while the discriminant is well-defined up to ±N . We 
refer the reader to [H3 Sections 2.2 and 6] for further details, and to [T3] for an 
alternative description of this twisted Alexander polynomial as a twisted polynomial 
of a 2-dimensional metabelian representation of iri(S 3 — K). 

Theorem 15.11 and the discussion that precedes it generalizes to the Casson- 
Gordon setting the well-known facts that the discriminant of ax{x) equals the 
ordinary Alexander polynomial of K modulo norms, and that the jump function 
of the Levine-Tristram ^-signatures is supported on the roots of the Alexander 
polynomial (see the first paragraphs of Section [7] below) . 

5.3. The discriminant and jump function of the torus knot T 2 . p . As an 

important example, Theorem 15.11 allows us to readily compute the discriminant of 
the Casson-Gordon invariant of T 2]P when p is a prime and x is an y C p -valued 
character. Combined with Corollary IA.8[ we obtain information about the jumps 
of the signature function of T(T 2iP ,x a ). 

Lemma 5.2. Let T 2jP denote the (2, p) -torus knot for some odd prime p, and 

M 3 (T 2:P ) its 2-fold branched cover. Let f(t) = 1 + t + t 2 H h t p ~ x . 

There exists d G {1, 2, • ■ ■ , so that for any a, 

disc±(r(T 2p , X a)) = — t- 

Hence if a ^ (mod p) and 6 denotes the trivial character, 

' even if oj ^ ( ±ad 



j{r{T 2 , p ,Xa) -t(T 2 , p ,6))(uj) is 



odd if lu = ( 



2flP\ riofi^o r, — £zlL 



2 



Proof. The (2,p)-torus knot has presentation it = (a, f3 \ a (3 P ). Define n 
The meridian (that is, the generator of Hi(S 3 — T 2 p ) = Z) is given by fi = a + n(3, 
and in Hi(S 3 — T 2i p), a = p/i and j3 — — 2/i. 

We use the methods and notation of |14J . In that article it is explained how 
a choice of character x : Hi(M(T2 iP )) — > C v determines and is determined by a 
dihedral representation of 71". Let Z/2 = (x \ x 2 = 1) act on C p — {Q} via 
x ■ Cp = Cp 1 ': then given d G {0, 1, ■ • ■ ,p — 1}, 

a ^ x, P^(p 

determines a Z/2 k C p representation since x 2 = 1 = (Cp) p - This representation 
restricts to a trivial representation on the 2-fold cover if and only if d = 0, since 
P = -2nmH 1 {S 3 -T 2 , p ). 
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From this dihedral representation a recipe is given in [14] to produce a GL2{C[t ±1 ]) 
representation of it whose associated twisted Alexander polynomial is Ajc x (i). The 
recipe produces the representation p: ir — ■> GL2(C[t ±1 ]): 

Theorem 7.1 of [14] shows that Ajc x (i) is the order of the C[i ]-torsion of the 
corresponding twisted first homology module Hi(S 3 — K; (C[i ±:L ]) 2 ); here (C[t ±x ])p 
is (C[t ±:L ]) 2 = C 2 (g) Z[^] viewed as a Z[tti(Mq (T 2 , p ))]-module via the representa- 
tion p <g> e, where e is the canonical action of Z on Zft*]. Let Ao denote the order 
of^o^-^CC^ 1 ])'). 

Note that Ho(S 3 — K; (C[£ ±:L ]) 2 ) is the cokernel of the matrix obtained by sub- 
stituting the extension of p to Ztt — » gl2(C[t ]) into the matrix 

Si 



a- 1 
0-1 

(this matrix represents the differential on 1-chains in the universal cover). A simple 
calculation shows that H Q (S 3 - K; (C^ 1 ]) 2 ) is trivial if d ^ 0, and C[t ±:L ]/(t - 1} 
if d = 0. Thus A = (t - l)' 5 " 1 where e = if d = and e = 1 if d ^ 0. 
To compute A/f iX (i) we first compute the Fox matrix 

d 2 = (l + a a 2 (l+/3+--- + /3 p - 1 )) 

representing the differential on 2-chains in the universal cover. Then Theorem 4.1 
of [19] shows that 

det(p(l + a)) _ dct(p( a 2 (l + /3+-.. + /3P- 1 ))) 
A ™ " det(p(/3-l)) A ° - det(p(a-l)) A °' 

Now 

det(p(l + a)) = det = 1 - i* 

and 

det(p(/3 - 1)) = det - 1 t _ x ^ d _ x ) = <- 2 (t - £)(< - C p - rf ). 

Using Theorem 15. II we find that for some a and k, 

disc ± (T(T 2 , p , X )) = at fe (l - t) e A K , x (t) = at k (l - tf^H 2 ' " " 



Since -t~ l (l-t) 2 = (l-t)J(l-t), and f(t)(t - 1) = F - 1, this can be rewritten 
(perhaps changing a and fc) as 

/(*) 



disc± (t(T 2> p, x)) = at" 



(*-#)(*-Cp ) 



Symmetry of the discriminant then implies that k = and a = ±1. 

The lemma follows from the fact that all non-trivial characters are multiples of 
Xi- Hence if d is chosen so that the character Xi takes (3, viewed as a loop in the 
2-fold cover, to (r, Xa corresponds to the character that takes j3 to Cp d - 

□ 
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Given an odd prime p, define a homomorphism 
(5.1) * P : W(C(t), J) ® Z (2) -> (Z^))^" 1 )/ 2 

by evaluating the jump function at the non-trivial p-roots of 1 in the upper half- 
circle: 

= (jU)(Cp),j(/)(C p 2 ),-- - ,j(i)(tf- 1)/2 )). 

Note that for I G W(C(t)) <g> Z (2) , * P (J) G (2Z {2 )) (p ~ 1)/2 if and only if disc±(I) 
has no roots among ( p , £ 2 , ■ ■ ■ , Cp ■ 

Corollary 5.3. If p is an odd prime, the set of Witt classes 

r(T 2 , P , X a) - t(T 2j »6) G W(C(t),J) ® Z (2) , a = 1, 2, • • • , ^ 

are linearly independent and their span is mapped injectively to (Z^))" 3-1 " 2 by $ p . 

Proof. Consider the homomorphism 

$: (Z (2) )(P- 1 )/ 2 ^VK(C(t),J)®Z (2) 

which takes the ath coordinate vector to the difference T(T 2p ,x a ) — t(T 2p ,#) in 
W(C(t),^)®Z (2) . 

Lemma 15.21 implies that the matrix for p ■ ^> p o $ differs from a permutation of 
the identity by an even matrix, and hence has odd (and, in particular, non-zero) 
determinant. It follows that $ is injective. □ 

6. The main examples 
In Section |4] we considered the knots 

Our goal is to prove that for appropriate choices of K l and qt, the set {Ji}°Z 1 is 
linearly independent. 

The conditions on the knots K l which we will need to arrive at a contradiction 
(to the assumption that J is slice) are that the K l be p-deficient and p-independent. 
These are conditions on the algebraic concordance class of K l . Roughly stated, K 
is p-deficient if its (Levine-Tristram) signature function has no jumps at pth roots 
of unity and is p-independent if the abelian Witt invariant ax (t) and its translates 
ctK{Cpt) are linearly independent in W(C(t)). 

Definition 6.1. Given a knot K and an odd prime p, we say that K is p-deficient 
if j{a K (t))(C;) = for all a G {0, 1, • • • ,p - 1}. 

Definition 6.2. Given a knot K and an odd prime p, we say that K is p- 
independent if the Witt classes aK{(, p t), a G {0, 1, • • • ,p — 1}, in W(C(t)) ® Z( 2 ) 
are linearly independent. 

Lemma 6.3. If a knot K is p-deficient and p-independent, then for any choice of 
integers n > and oi, • • ■ , a n G {0, 1, • • ■ ,p — 1} with not all a% zero, 

n 

-2na K (t) + J2 («k(C*) + a K (C P a 't)) 
i=l 

is a non-zero element of the kernel of^ p : W(C(t)) ® Z( 2 ) —> (^(i))^ ■ 
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Proof. Note that j( a ^"(Cp i ))(C» ) — j{ a K)(C,p i+a )i which vanishes since K is p- 
deficient. Hence * p ( - 2na K {t) + (<*k(C£**) + <*K(Cp = 0. 

Since is p-independent and —2nctK{t) + Y^i=i (Cp^) + a K (Cp ai t)) is a 
non-trivial (not all ai are zero) linear combination of the ai<-(£ a i), it is non-zero. □ 

Nontrivial examples of p-deficient and p-independent knots will be presented 
in Section [71 In particular, we will show that the trefoil, T2 t 3, is p-dcficicnt and 
p-independent for all primes p > 3. 

Theorem 6.4. Let J = ^2iLi n iJi with the Ji as above. If, for some j with rij ^ 0, 
the knot K J is qj -deficient and qj -independent, then J is not slice. 

Proof. Suppose that J is slice. Assume, by changing sign and reindexing if neces- 
sary, that j = 1 and that m > 0. 

In this case, we found in Corollary 14.31 that for some set of elements Oi , hi £ 
{0,1,..., 21^1}, not all 0, then 

Til 

-2ma K i (t) + (Qt) + a K i (Q°*f ) + )Xai )- T(T 3iqai _ lt Xbi )) = 

i=l 

in W(C(t))<8Z (2 ). 

Applying the function ty qi to this equation we find, using Lemma 16.31 that 

m 

*MJ,X)) =^ qi (J2 T ( T ^Xa i )-r(T 2<qi , Xbi )) =0. 

i=l 

This can be rewritten as 

( E ( T ( T ^ . **) - r(T a , 9l , 0)) - (r(T 2 , ?1 , Xbi ) - r{T 2 , qi ,9)))= 0. 

i=l 

By Corollary [531 this implies that 

E > - r ( T 2. ?1 > )) " . X6.) - r(T 2)91 , 6)) = 0, 

i=l 

and thus Y%=i T p2,gi>Xai) — T (^2,gi > X6< ) = 0- We also conclude that the (un- 
ordered) sets {a 1; 02, ■ • ■ , a ni } and {6i, 62, • ■ • , b ni } coincide. In particular, at least 
one of the is non-zero. Thus 

m 

= -2 ni a K t(t) +J2 a Ki(( ai t) + a Al (C ai t). 
1=1 

But this is impossible by Lemma 16731 Hence J cannot be slice. □ 

With this, our main result follows. 

Theorem 6.5. Let qi be a sequence of positive integers with (fei-l prime for all i 
and q2i relatively prime to Q2j—l f or a ^ hi ■ Let K l be a sequence of knots so that 
K l is qn-\-deficient and qn-\ -independent for all i. Let 

J i = K 2,g 2i -i # T 2, 92! #~ K 2, qm #-T 2 , q2l _ 1 . 
Then the Ji are linearly independent, algebraically slice knots. □ 
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As mentioned above, the next section shows that T2,3 is both p-deficient and 
p-independent for all primes p > 3. Given this, the following corollaries are imme- 
diate, and yield Theorems 1, 2, and 3 of the introduction. 

Corollary 6.6. The algebraically slice knot 

72,3:2,13 + 12,15 _ ?2,3;2,15 — ?2,13 

has infinite order in C. 

Proof. The assertion follows immediately from Theorem 16.51 □ 



Corollary 6.7. Let q± — 13,(72 = 17, ■ • ■ be the increasing list of primes greater 
than 11. Then the set of algebraic knots 

is a basis for a free abelian subgroup of the concordance group C. This subgroup 
intersects the kernel of C — > Q in a free abelian subgroup, with basis the set of 
algebraically slice knots 

{?2, ?i — T2,3:2,gi — ^2,13 + T 2 , 3 ; 2, 13)^2 ■ 

Proof. Consider a linear combination 

JV 

J = ^ TliT2, qi + m. i r 2 ,3;2, ?i ■ 
1=1 

Suppose that J is slice. We will show that each and rrij is zero. 

Fix L When evaluated at lu = e 27tl ^ 2qt \ the jump function for the Levine- 
Tristram signature of a knot in {T 2qi , T 2 3 . 2 qi }°^ 1 is non-zero only for the knots 
T 2 ,q e and T 2 ^ 2m , since the qi are different primes. Indeed, for T 2m and T 2 ^ 2 ^ q( , 
the jump is equal to —1 (see, for example, [25]). This implies that mi = —n^. 

Furthermore, the jump function for the Levine-Tristam signature of T 2 ^ 2 . qil 
evaluated at u) = e 2wi ' 12 , is equal to —1 for all i. For this value of u, however, the 
jump function for T 2 ^ qi is zero. It follows that the sum of the rij is zero. 

Thus 

N N 

(6.1) J = y^ni(r 2)gi - T 2<3;2 , qi ) with ^n i = 0. 

i=l i=l 

Any knot of the form (|6.ip is algebraically slice: indeed, its Blanchfield form is 

N N 

Bh(t) =J2m(Bh 2 , qi (t) - Bi T2 3 (t 2 ) - bi T2 u (tj) = -J2m(Bl T2 , 3 ( t2 )) = °- 

i=l i=l 

Since n i — 0> we have 

N N 

J = y^; n i(T2, qi - T 2 ,3;2, qi ) ~ J^™ 1 ^ 2 ' 11 ~ ^2,3;2,ll)) 
i=l i=l 



as an equation in C. Theorem 16.51 together with the fact that T2.3 is p-deficient 
and p-independent for p > 3, implies that each n, is zero. This proves that the set 
{T 2 qi , T2 i 3 ; 2, gi } is linearly independent. 

Since the jumps in the Levine-Tristram signature functions are determined by 
the algebraic concordance class of a knot, (|6.ip shows that the intersection of the 
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span of {Tz,q i} 12,3:2,9;} with the kernel of C — > Q is a free abelian group, with basis 
the set of algebraically slice knots {T 2 .q z - T 2 .z-2, q% - J2.13 + I2,3;2,i3}^2- 

□ 

Corollary 6.8. Let A C C denote the subgroup of the knot concordance group 
generated by algebraic knots. The intersection of A with the kernel of the map 
C — > Q to the algebraic concordance group contains an infinitely generated free 
abelian group. □ 

7. Torus knot examples: ^-deficiency and ^-independence. 

Let K be a knot in S 3 , Fa Seifert surface for K and V the Seifert form for 
F. There are several well-known constructions of a 4-manifold X A with boundary 
Sq(K) over which 6: Hi(Sq(K)) — > Z extends such that the equivariant inter- 
section form of X 4 is L(X 4 ,S) = (1 — x)V + (1 — ir _1 )V T and intersection form 
I{X) = (1). Such constructions can be found in [11 1151 ITS'] . 

It follows that cik{x) € W(Q(t)) is represented by the matrix 

{l-x)V + (l-x~ 1 )V T 
-1 

Since (a; -1 - X)(xV - V T ) = (1 - x)V + (1 - x~ 1 )V T , and the Alexander 
polynomial satisfies 

A K (x) = det (xV - V T ), 

it follows that the jumps in the Levine- Tristram signature function of cxk{%) is 
supported on a subset of the roots of the Alexander polynomial. Notice that this 
is a more precise statement than saying that the odd jumps occur at roots of the 
discriminant, since the Alexander polynomial is well-defined in Z[a; ]. Further- 
more, if uj is a root of unity and (x — oj) divides Ak(x) but (x — lo) 2 does not divide 
Ak(x), then j u {ax) = ±1 ; improving the conclusion of Corollarv lA.61 

Theorem 7.1. For any relatively prime integers ra, n, and q, and any prime 
divisor p of q, the torus knot T m n is p-deficient and p -independent. 

Proof. The Alexander polynomial of T m .„ is 

, . (x mn - 1) 
m -" y ' (x m - l)(x n - 1) 

Thus, the only roots of Ax m „ (x) arc the mn roots of unity which are not simul- 
taneously m or n-roots of unity. It follows that the jumps in the Levine-Tristram 
signature function of ar mn occur, and equal ±1, at the unit complex numbers 
e 27rz ™ = Cff nnl where c is not divisible by either m or n, and 1 < c < mn — 1. 
(There are (m — l)(n — 1) such c.) 

p— deficiency: From the definition, we see that if T m>n is not p-deficient, then for 
some a £ {0, 1, • • • ,p — 1} and c as in the previous paragraph, = Cmn- This is 
impossible, since p and mn are relatively prime and 1 < c < mn — 1. 

p— independence: To demonstrate the independence of the ax m n ((pt), we show 
that for distinct a% and a 2 , < a%, a% < p — 1, the jumps for the Levine-Tristram 
signature function occur at distinct points. The jumps for ctT m n (Cp i t) occur at 
u> = Cp ai (,mm where Cj is not divisible by either m or n and 1 < a < mn — 1. 




If the jumps occured at the same point, then £ p ai Cmn = C P a2 Cmn; an d so 

c\ ai c 2 a 2 , 
= mod Z. 

mn p mn p 



This can be rewritten as: 

(ci - c 2 )p — (ai - a 2 )mn 



6 Z. 



This immediately implies that a\ — a 2 is divisible by p, which in turn implies that 
o-i =0-2, giving the desired contradiction. 

□ 



8. The 4-ball genus. 

We next observe that if qi,q 2 are a pair of integers and K is any knot, the 
algebraically slice knots 

J = K 2ai - K 2m — T 2 ,«i + T 2m 

have 4-ball genus equal to or 1. In the case that K is slice, we noted in Lemma l2Jl 
that J is slice. If K is gi-deficient and independent, then Corollary 16.61 shows J 
is not slice. The following argument shows that in this second case J has 4-ball 
genus at most 1. 

Figure [3] illustrates J with three arcs, 71,72, and 73, depicted. In this figure the 
labels ±gj refers to half-twists, and the parallel strands passing through ±K are to 
be tied in the knot ±K. 

A band move along 71 produces a satellite (link) of the slice knot K#{—K). 
Taking the corresponding satellite of the null-concordance and then performing 
band moves along the arcs labelled 72 and 73 gives a genus 1 cobordism from 
J(K, fci, k 2 ) to a 2-component unlink. Thus J[K, ki, k 2 ) has 4-ball genus at most 
one. 
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Corollary 8.1. The knot 22,352,13 + 22,15 — 22,3 ; 2,i5 — 22,13 has J^-ball genus equal 
to 1. □ 

As mentioned in the introduction, the Ozsvath-Szabo and Rasmussen concor- 
dance invariants, r and s, are unable to determine whether any of the algebraically 
slice linear combination involving positive iterated torus knots, is slice. We make 
this precise in the following proposition. 

Proposition 8.2. Fix p, q\ , 52 > 0. Suppose J — K p<qi — K p>q2 — T p>qi + T M2 , with 
K = K ruS1 .... ; r n ,a„ 0, positively iterated torus knot; that is, T{, Sj > for all i. Then 
t(J) — s( J) = 0, where r and s are the Ozsvath-Szabo and Rasmussen concordance 
invariants, respectively. 

Proof. It is well-known that the Seifert genus of K p ^ q is given by 

g(K P , q ) = pg(K) + g(T P!q ), 

and that 2g(T p , q ) = (p — l)(q — 1). See, for instance, [3J Chapter 1§3] . 

We claim 2t(K) = s(K) = 2g(K) for any positively iterated torus knot. Given 
this, the proposition follows from the genus formula above, together with the fact 
that both invariants change sign under reflection, t(K) = —t(—K) and s(K) = 
-s(-K). 

For torus knots, the fact that 2t(K) = s(K) = 2g(K) was proved by Ozsvath and 
Szabo and Rasmussen [37] , respectively. For positively iterated torus knots, the 
result follows from [T31 Corollary 1.4], which shows that a positively iterated torus 
knot bounds a Seifert surface which is isotopic to a piece of a complex curve in the 
four-ball (for algebraic knots this is well-known, through the work of Milnor [31]). 
Knots which bound such complex curves satisfy the stated equalities, by [55] (see 
also [H]). □ 



Appendix A. Properties of the Witt group W(C(t)) 

A.l. Hermitian forms over C(i) and the Witt group W(C{t). J). The ring 
Cft*] has the involution denoted J, defined by J^^atf) = ^a;i~ l , where Hi 
denotes standard complex conjugation. There is a natural extension of J to C(t) 
and then to GL n (C(t)), applying J to the entries of a matrix and transposing. 

A Hermitian inner product space consists of a pair (V, f3) where V is a finite 
dimensional vector space over C(t) and (3 is a Hermitian inner product: (3(av, hw) = 
aj{b)(v,w) and f3(v,w) = J((3{w,v)). In terms of a basis, the Hermitian inner 
product (3 is given by a matrix B satisfying J{B) = B. Given a second basis, the 
new coordinates are related to the old by a change of basis matrix P, and the new 
matrix representation of /3 is PBJ{P). The inner product is called non-singular if 
det(i?) ^ for some (and thus any) matrix representation B of (3. 

An inner product space is called Witt trivial if there is a half-dimensional sub- 
space of W C V such that (3(w\,W2) = for all 101,102 G W. Two nonsingular 
Hermitian inner product spaces (Vx,fli) and (^,#2) are called Witt equivalent if 
(Vi,{h) © (V2, —^2) is Witt trivial. The set of equivalence classes forms an abelian 
group, with addition induced by direct sum. This group is the Witt group, which 
we denote W(C(t)). Note that isometric forms are Witt equivalent. 
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A. 2. Signature invariants defined on W(C(t), J). Let A{t) be a nonsingular 
Hcrmitian matrix over C(t) representing a class in W(C(t), J'). For any unit com- 
plex number u>, the complex matrix A(lo) is Hermitian. The matrix may be singular 
for isolated values of lj, but in any case it has a signature, s u) (A) e Z. This does 
not yield a well-defined homomorphism W(C(t), J) — > Z, because of the possible 
singularities; the problem is corrected by averaging the one-sided limits, defining 

a e icc(\A]) = \( lim s e ix(A) + lim s e ix(A)). 

This results in a homomorphism 

a: W(C(t), J) — > Funct(S' 1 , Z), a(I)(u) = a u (I), 

which extends in the obvious way to 

a: VF(C(t)) ®i?^Funct (S\i?) 

for any subring R C Q. In our applications we will take R = Z( 2 ), the set of 
rational numbers with odd denominator. 

It is most convenient to re-express this invariant in terms of the signature jump 
function 

j: W(C(i))-> Flinch 1 , Z), j{I){e ie ) = \{ lim a(I)(e ix ) - lim a{I){e ix )). 

X— >ff+ X^H — 

We have divided by two to avoid confusion below. This jump function has finite 
support and is integer valued, as follows from a diagonalization argument and an 
examination of 1-dimensional forms. Details appear later in this appendix. 

Since j(kl) = kj(I) for any integer fc, the signature jump function extends to a 
homomorphism 

j: W{C(t))®R^Funct(S\R), 

for any subring R of Q. 

A. 3. Discriminants. Roughly stated, the discriminant of a class in W(C(t),J) 
is given by the determinant of a matrix representative of the class. Since the 
determinant of a Witt trivial matrix is of the form ±f{t)J{f{t)) 1 one needs to 
view it in a quotient of C(t) by such norms. Taking care in the treatment of signs 
leads to the formal definition. For A, a matrix of dimension k representing a class 
[A] e W(C(t),J), define 

disc(L4]) = (-l) k(k -^/ 2 dct(A) e (C(t) J ) x /N(C(t)), 

where (C(t) J ) x is the multiplicative subgroup of C(i) x consisting of symmetric 
non-zero rational functions 

(c( t yr = {f(t) + o 6 c(t) i Jim) = f(t)j(t) o}, 

and N(C(t)) is the subgroup of norms 

N(C(t)) = {f(t)j(f(t))\feC(t)}. 

Since j^y is equivalent to J{f{t)) modulo norms and C is algebraically closed, 
any class in (C{t) J ) x /N(C(t)) can be expressed as a factored Laurent polynomial 

(A.l) FW=ai fe [](t-^), 
as we now show. 
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Since J(F(t)) — F(t), it follows that if (t — uj) is a factor, then (t— (uj)^ 1 ) is also 
a factor. If u) is not a unit complex number, then these two factors are distinct. As 
both factors appear and 

(t - uj)(t - (Q)- 1 ) = {-u>-H)(t - u)J(t - to), 

they can be removed from the product, modulo norms, at the cost of changing a 
and the exponent of t in (|A.1[) . 

If to is a unit complex number, then 

(t - u)J(t -u) = -t~ l Q(t - uj) 2 . 

Thus we can also remove factors of the form (t — uj) 2 in (|A.1|) at the cost of 
changing a and the exponent of t. Any positive real number is a norm, so we may 
assume a is a unit complex number. A final application of symmetry restricts the 
form further, yielding the following: 

Theorem A.l. Every element in (C(t)^) x /N(C(t)) has a canonical representative 
of the form 

2n 

at- n H(t-LUi) 

i=l 

where the u>i are distinct unit complex numbers and a 2 — 1/ Y[ ■ D 

Corollary A. 2. Let I e W(C(t), J). For each unit complex number uj, the expo- 
nent of (t — u>) in disc(7) gives a well-defined homomorphism du- W{C{t)),J) — > 
Z/2Z. This extends to a Z/2Z-valued homomorphism on W(C(t),J) (g> Z( 2 ). □ 

A. 4. Relation between the discriminant and jump function. Via diagonal- 
ization, any class in 14 A (C(i), l /) can be represented by a diagonal matrix with 
diagonal entries in (C(t)^) x . Scaling basis elements changes a diagonal entry by 
an arbitrary norm, and so the preceding discussion applies equally to the diagonal 
entries. Thus: 

Theorem A. 3. Every nonsingular Hermitian inner product on C(t) has a diagonal 
matrix representation with each diagonal entry of the form d = at~ n Yil=i(t ~ w i) 
for some set of distinct uii € S , where a 2 = 1/ Y[ ^i- D 

A simple trigonometric calculation yields: 
Lemma A. 4. If d = at~ n Ylj=i{t ~ ^j); 10 j — et6j an d t = e%t \ then 

2n 

d=(-4) n l[sm((8-9 J )/2). 

3=1 

□ 

This allows one to compute the jump function near u>i, since sin((0 — 9i)/2) 
is negative for 9 < 9i and positive for > Q{. Together with Corollary IA.2I this 
implies: 

Lemma A. 5. Let I G W(C(t), J) be a 1-dimensional form with canonical repre- 
sentative (at~ n rii=i(^ ~ as above. Then 

(1) o~u(I) = or ±1 depending on whether ui — uji for some i or not. 

(2) jcj(I) — ±1 or depending on whether ui — uji for some i or not. 
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(3) 5uj(I) = 1 or £ Z/2Z, depending on whether lu = w» /or some i or not. 

□ 

Since each of these functions is additive and all forms can be diagonalized, we 
have the following corollary. 

Corollary A. 6. Let I £ W(C(t), J) be a class with discriminant d = at k T[(t—uJi), 
with all uji distinct unit complex numbers. Then the jump j u (I) is or 1 mod 2 
depending on whether t — u) is a factor in the discriminant. □ 

A. 5. Tensoring with Z( 2 ). If R is any subring of Q, then the signature and jump 
function clearly extend to the Witt group W(C(t), J) (g) R. This is not true for the 
discriminant. However, 

Theorem A. 7. After taking the further quotient with ±1, the discriminant extends 
to a homomorphism disc± : W(C(t), J) <g> Z (2) -» (C(t) J ) x / ± N(C(t)). 

Proof. Any class in W(C(t), J) ® Z( 2 ) can be expressed as I ® | with q odd, p > 0, 
and gcd(p, g) = 1. We define the discriminant of such a form to be disc±(p7) = 
(disc±(/)) p . Notice however that since disc± takes values in a group that consists of 
2-torsion, the assumption that gcd(p, q) = 1 is not needed; introducing odd factors 
in the numerator does not affect the value of (disc±(/)) p . To check this is well 
defined on the tensor product, one needs to show its value is the same on kl ® 2 

and I ® -2 for any integer k. For fc even, both are 1 modulo ±N. For k odd, both 
equal disc(I) modulo ±JV. □ 

Corollary A. 8. Let £ 7 e VF(C(t), J7) ® Z (2 ). T/ien i/ie jwmp is even or 

odd (that is, equals or I G Z(2)/2Z( 2 )j depending on whether or not m is a root 
of the discriminant in its canonical form. □ 

Appendix B. Ribbon-slice 

B. l. Connections to the geometry of the ribbon-slice problem. While the 
problem of concordance relations between algebraic knots grew out of, and has 
obvious interest within, the classical theory of plane curve singularities, it could 
potentially be more important to the old question of whether slice knots are ribbon. 
Indeed, these connections were the original motivation for the work at hand, as we 
now briefly explain. 

First, recall that a knot is ribbon if it bounds a ribbon disk in the four-dimensional 
unit ball. A ribbon disk is a smoothly, properly, embedded disk on which the radial 
function for the four-ball restricts to a Morse function with no index 2 critical points; 
that is, a disk for which the radial function has no local maxima. The ribbon-slice 
problem asks whether all slice knots bound a ribbon disk (see for instance [T7]). 
Apart from the fact that it is longstanding, this question is important because the 
property of being ribbon has an entirely three-dimensional interpretation. (The 
interpretation is in terms of immersed disks in the three-sphere with certain types 
of double points, of so-called ribbon type.) An affirmative answer would indicate 
that the elusive four-dimensional nature of the smooth concordance group could be 
understood by three-dimensional techniques. 

An interesting but elementary observation which first appeared in [lOj is that a 
geometrically minimal disk, that is, a disk whose mean curvature vector vanishes 
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identically, is a ribbon disk. This follows from the well-known fact that the coordi- 
nate functions on R restrict to harmonic functions on a minimal disk. From this 
it follows easily that the radial function restricts to a sub-harmonic function, and 
hence it has no local maxima. 

In light of this, one is naturally led to wonder whether slice knots bound minimal 
disks in the four-ball. This is the realm of the classical Plateau problem which asks, 
more and less generally, when a given curve in R ra arises as the boundary of an 
area- minimizing map u: D 2 — > R™. In this form, the answer is "always," as proved 
by Douglas and Rado independently in the early 1930's [3] [35]. The astute reader 
should be confused, since this seems to imply that not only is every slice knot 
ribbon, but every knot is ribbon. 

The point of confusion lies in the precise nature of the Douglas-Rado solution. 
They showed that any rectifiable curve in R n (in particular, every knot in S 3 C R 4 ) 
arises as the boundary of a map u : D 2 — > R" which is absolutely area-minimizing, 
and hence geometrically minimal, but may have two types of singularities. The first 
type are self-intersections; that is, the map is at best an immersion. The second 
type of singularity, called branch points, are the image of points p 6 D 2 at which 
the derivative vanishes: du p = 0. It is this latter type of singularity which ties the 
ribbon-slice problem to the concordance problem of algebraic knots. 

The key point is that the structure of branch points of minimal surfaces in R 4 can 
be understood in terms very similar to those in the classical theory of plane curve 
singularities. Indeed, Micallef and White [29J showed that the link of a branch point 
of an area- minimizing map u: D 2 — > R 4 is equivalent, up to a possibly orientation- 
reversing diffeomorphism of S 3 = 3D 4 , to an algebraic link. Thus the boundary of 
a small neighborhood of the pre-image of a branch point, N e (p) C D 2 , is mapped 
into the three-sphere dNg(u(p)) as the link type of an algebraic link or its mirror 
image. (Here N$(u(p)) is a neighborhood in R 4 of the branch point.) 

In the case of a topologically embedded minimal disk we can group any branch 
points together to obtain a ribbon concordance (that is, a ribbon cylinder) between 
the boundary of the disk and a connected sum of knots, K\#...#K n , where each 
Ki is either an algebraic knot or the mirror image of an algebraic knot. If we could 
show that the only such sums which are slice are of the form K# — K, then we could 
replace the neighborhood of the collection of branch points in the minimal disk with 
the obvious ribbon disk bounded by such connected sums. This replacement results 
in a ribbon disk for the original knot. 

Thus the ribbon slice problem could be proved in the affirmative with two (dif- 
ficult) steps. 

(1) Show that any slice knot type can be realized as the boundary of a topo- 
logically embedded minimal disk, but possibly with branch points. 

(2) Classify concordance relations between algebraic links and show that the 
only such relations are of the form K # — K. Note that if any other relations 
exist, they cannot be realized by ribbon disks, by Miyazaki [32] ■ In this 
case the answer to the ribbon-slice question would be in the negative. 

The first step seems more difficult due to the nature of known results for Plateau- 
type problems, which indicate that self-intersections of minimal maps are more 
likely to occur generically than branch points. Hence it may be too much to hope 
that one can find the required minimal embeddings through the current techniques. 
It should be pointed out, however, that Hass [10] showed that any ribbon knot 
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has an isotopy representative bounding an embedded minimal disk without branch 
points. Thus if the answer to the ribbon-slice question is affirmative, then the 
strategy works without the second step. It is our hope, however, that importing 
the concordance result could provide useful flexibility in the geometric approach to 
the problem. 



References 

[1] A. J. Casson and C. McA. Gordon, Cobordism of classical knots, with an appendix by 
P. M. Gilmer, in Progr. Math., 62, 'A la recherche de la topologic perdue,' 181-199, 
Birkhauser Boston, Boston, MA, 1986. 

[2] J. Douglas, Solution of the problem of Plateau, Trans. Amer. Math. Soc. 33 (1931), 263- 
321. 

[3] D. Eiscnbud and W. Neumann, 'Three-dimensional Link Theory and Invariants of Plane 
Curve Singularities,' Annals of Mathematics Studies, Volume 110, Princeton University 
Press, 1985. 

[4] R. Fintushel and R. J. Stern, Instanton homology of Seifert fibred homology three spheres, 

Proc. London Math. Soc. 61 (1990), 109-137. 
[5] R. Fox and J. Milnor, Singularities of 2- spheres in 4-space and cobordism of knots, Osaka 

J. Math. 3 (1966), 257-267. 
[6] K. A. Fr0yshov, The Seiberg-Witten equations and four-manifolds with boundary, Math. 

Res. Lett. 3 (1996), 373-390. 
[7] M. Furuta, Homology cobordism group of homology 3-spheres, Invent. Math. 100 (1990), 

339-355. 

[8] P. Gilmer, Slice knots in S 3 , Quart. J. Math. Oxford Scr. (2) 34 (1983), 305-322. 

[9] P. Gilmer and C. Livingston, Discriminants of Casson-Gordon invariants, Math. Proc. 

Cambridge Philos. Soc. 112 (1992), 127-139. 
[10] J. Hass, The geometry of the slice-ribbon problem, Math. Proc. Cambridge Philos. Soc. 

94 (1983), 101-108. 

[11] M. Hcddcn, On Knot Floer Homology and Cabling: 2, Int. Math. Res. Not., 

rnp015(12):2248-2274, 2009. 
[12] M. Hcdden, Notions of positivity and the Ozsvdth-Szabo concordance invariant, to appear 

in J. Knot Theory Ramifications. 
[13] M. Hcddcn, Some remarks on cabling, contact structures, and complex curves, to appear 

in Proc. Gokova Geom. Topol. Conf., 2007. 
[14] C. Herald, P. Kirk and C. Livingston, Metabelian representations, twisted Alexander 

polynomials, knot slicing, and mutation, to appear in Math. Zeitschrift. 
[15] L. H. Kauffman, 'On knots,' Annals of Mathematics Studies, 115. Princeton University 

Press, Princeton, NJ, 1987. 
[16] C. Kcarton, The Milnor signatures of compound knots, Proc. Amer. Math. Soc. 76 (1979), 

157-160. 

[17] R. Kirby, Problems in low- dimensional topology, Edited by Rob Kirby. AMS/IP Stud. 
Adv. Math., 2.2, Geometric topology (Athens, GA, 1993), 35-473, Amer. Math. Soc, 
Providence, RI, 1997. 

[18] P. Kirk, E. Klassen, and D. Ruberman, Splitting the spectral flow and the Alexander 

matrix, Comment. Math. Helv. 69 (1994), 375-416. 
[19] P. Kirk and C. Livingston, Twisted Alexander invariants, Reidemeister torsion, and 

Casson-Gordon invariants, Topology 38 (1999), 635-661. 
[20] P. Kronheimer and T. Mrowka, Gauge theory for embedded surfaces. I, Topology 32 

(1993), 773-826. 

[21] J. Lcvine, Invariants of knot cobordism, Invent. Math. 8 (1969), 98—110. 

[22] W. B. Raymond Lickorish, 'An introduction to knot theory,' volume 175 of Graduate 

Texts in Mathematics. Springer- Verlag, 1997. 
[23] R. Lithcrland, A formula for the Casson-Gordon invariant of a knot, preprint, 1980. 
[24] R. A. Lithcrland, Cobordism of satellite knots, Four-manifold theory (Durham, N.H., 

1982), 327-362, Contemp. Math., 35, Amer. Math. Soc, Providence, RI, 1984. 



NON-SLICE LINEAR COMBINATIONS OF ALGEBRAIC KNOTS 



25 



[25] R. A. Lithcrland, Signatures of iterated torus knots, 'Topology of low-dimensional man- 
ifolds' (Proc. Second Sussex Conf., Chelwood Gate, 1977), volume 722 of Lecture Notes 
in Math., pages 71-84. Springer, Berlin, 1979. 

[26] C. Livingston and P. Melvin, Algebraic knots are algebraically dependent, Proc. Amer. 
Math. Soc. 87 (1983), 179-180. 

[27] C. Livingston and P. Melvin, Abelian invariants of satellite knots, in Geometry and topol- 
ogy (College Park, Mi., 1983/84), 217-227, Lecture Notes in Math., 1167, Springer, 
Berlin, 1985. 

[28] C. Livingston, Computations of the Oszvdth-Szabo concordance invariant, Geom. Topol. 
8 (2004), 735-742. 

[29] M. Micallcf and B. White, The structure of branch points in minimal surfaces and in 
pseudoholomorphic curves, Ann. of Math. (2) 141 (1995), 35—85. 

[30] J. Milnor, Infinite Cyclic Coverings, 'Topology of Manifolds,' Complementary Series in 
Mathematics vol. 13, ed. J. G. Hocking, Prindle, Weber & Schmidt. Boston, 1968. 

[31] J. Milnor, 'Singular Points of Complex Hypcrsurfaccs,' volume 61 of Annals of Mathe- 
matics Studies. Princeton University Press, 1968. 

[32] K. Miyazaki, Nonsimple, ribbon fibered knots, Trans. Amer. Math. Soc. 341 (1994), 1-44. 

[33] P. Ozsvath and Z. Szabo, Knot Floer homology and the four-ball genus, Gcom. Topol. 7 
(2003), 615-639. 

[34] P. Ozsvath and Z. Szabo, Absolutely graded Floer homologies and intersection forms for 

four-manifolds with boundary, Adv. Math. 173 (2003), 179-261. 
[35] P. Ozsvath and Z. Szabo, On knot Floer homology and lens space surgeries, Topology 44 

(2005), 1281-1300. 

[36] T. Rado, On Plateau's problem, Ann. of Math. (2) 31 (1930), 457-469. 

[37] J. Rasmussen, Khovanov homology and the slice genus, to appear in Invent. Math. 

[38] L. Rudolph, How independent are the knot-cobordism classes of links of plane curve 

singularities?, Notices Amer. Math. Soc. 23 (1976), 410. 
[39] L. Rudolph, Quasipositivity as an obstruction to sliceness, Bull. Amer. Math. Soc. 29 

(1993) , 51-59. 

[40] L. Rudolph, A non-ribbon plumbing of fibered ribbon knots, Proc. Amer. Math. Soc, 130 
(2002), 3741-3743. 

[41] H. Seifert, On the homology invariants of knots, Quart. J. Math., Oxford Ser. 1, 23-32, 
1950. 

[42] A. Tristram, Some cobordism invariants for links, Proc. Camb. Phil. Soc. 66 (1969), 
251-264. 

[43] H. F. Trotter, On S-equivalence of Seifert matrices, Invent. Math. 20 (1973), 173-207. 
[44] M. Wada, Twisted Alexander polynomial for finitely presentable groups, Topology 33 

(1994) , 241-256. 



Matthew Hedden: Department of Mathematics, Michigan State University, East 
Lansing, MI 48824 

Paul Kirk, Charles Livingston: Department of Mathematics, Indiana University, 
Bloomington, IN 47405 

E-mail address: hedden@msu.edu 
E-mail address: pkirk9indiana.edu 
E-mail address: livingst@indiana.edu 



